We generalize the Ising spin 6i to a function 6(Xi), which is a mapping from [ -a, a] into [ -1, 1]. We obtain low·temperature expansions of the free energy. the correlation length and so on for a system of 6(Xi) with nearest-neighbor interaction on a one-dimensional lattice. The critical behavior of the system is determined by the nature of 6(Xi) around its maximum absolute value.
We generalize the Ising spin 6i to a function 6(Xi) , which is a mapping from [ -a, a] into [ -1, 1]. We obtain low·temperature expansions of the free energy. the correlation length and so on for a system of 6(Xi) with nearest-neighbor interaction on a one-dimensional lattice. The critical behavior of the system is determined by the nature of 6(Xi) around its maximum absolute value.
The generalization of the Ising model has been performed in several ways so far. For example, there are the Potts model, the n-vector model, the n-clock model and so on. Those generalizations have played a very important role for us to understand the phase transition.
We give another generalization of the Ising model in the present paper. We assign a function 6(X,) of a variable Xi to each lattice site i of a lattice A. We assume that the function 6(X) is described by a mapping from [ -a, a] into [-1,1] with 6( -x) = -6(X), 6'(X) ~ 0 and left continuous at x = a and right continuous at x = -a where a> O. For definiteness, we consider the system described by the following Hamiltonian:
(1) where h and hi ~re parameters. When 6(X) is a step function given by 6(x)=1 for 0< x s 1, 0 for x=o and -1 for -1 s x < 0, the partition function of the system defined by (2) becomes (3) Here /3 is l/kBT, kB is the Boltzmann constant and T is the absolute temperature. N is the total number of lattice sites: N = IAI. Equation (3) is the partition function of the Ising model of spin ± 1. Thus the Hamiltonian (1) is a generalization of the Ising model. In this sense, we call the function 6(X,) a generalized Ising spin.
When 6(Xi)=Xi with IXil sl, the system given by (1) is known as the Ising model of infinite-spin.I) The system of infinite-spin is regarded as a limiting case of the one of general spin S when spin Xi is denoted by sdS, SiE{ -S, -S+ 1, "', S} and the limit of S infinity is taken. The system of infinite-spin on the one-dimensional lattice was investigated by Thompson This suggests that there is a phase transition at a finite temperature in the system. This situation is different from the one of antiferromagnetic Ising model of spin ± 1 on the triangular lattice where absolute zero is the critical temperature and there is no phase transition except absolute zero. S ), 6) The classical XY model with frustration on a two-dimensional lattice shows a chiral order. The chiral order is described by fictive Ising spin r=sinLlcp; Llcp is an angle between two nearest-neighbor XY spins.
)
An effective Hamiltonian for the chiral order is given by the Hamiltonian (1) with O'(x;)=sinx; with Ix;!:,,:;: n/2. This situation appears also in the classical XY model with antiferromagnetic nearest and next-nearest neighbor interactions on a one-dimensional lattice.
In the present paper, we consider the system described by Eq.
(1) on a onedimensional lattice where h is equal to J for Ii -jl=l, to 0 otherwise and h;=O. We assume J>O without loss of generality. We investigate low-temperature expansions of the free energy, the specific heat, the spin-pair correlation function at large distances, the correlation length and the zero-field susceptibility to clarify what nature of the function O'(x;) determines the low-temperature behavior of the system, namely the critical behavior of the system, since absolute zero is the critical temperature. The free energy of the system is expressed in ·terms of the eigenvalue of the largest absolute value and the spin-pair correlation functions in terms of the ratio of the next-largest eigenvalue to the largest one; those eigenvalues are determined from the following integral equation:
R(x, y) is the integral kernel:
where K = /3]. The eigenvalue problem (4) given above is solved in a similar way as given in Refs. 10) and 9) at low temperatures. We note that the kernel R(x, y) is real and symmetric and its value is positive, and hence the eigenvalues are real. By Jentsch's theorem/I) the eigenvalue with the largest absolute value Ao, is simple and positive and the corresponding eigenfunction does not change sign. We also have (6) We are interested in the low-temperature behavior Of the system. The ground state is described by O'(x;)=1 at x;=a for all of the sites i or by O'(x;) = -1 at x;=-a for all of the sites i, since we consider the ferromagnetic interaction. We assume the deviation of O'(x) from 1 near x=a is given by (7) where a and c are positive constants. Since the eigenfunction ¢o(x;) is related to the spin state at site i, we can choose the eigenfunction ¢o(x) in the integral equation (4) at low temperatures as follows:
No is a normalization constant. c and Ao are determined from Eq. (4) with q=O: c=c and Ao
where r(x) is the Gamma function. The eigenfunction corresponding to the nextlargest eigenvalue is orthogonal to cpo(x) and has one node, and then we may choose it as follows:
. (10) where Nl is a normalization constant. The leading term of Al is the same as the one of Ao given by Eq. (9). To improve the eigenvalue Aq with q=O or 1, we can use the first iterated function of cpq(I)(X) which is obtained after regarding cpq(x) given by Eqs. (8) and (10) as the zeroth order approximations and denoting them by Cpq(O)(x):
We obtain Aq as
where we define
Then the free energy per site, /, and the specific heat per site, C, are given as
e l l k~a+2a2K .
a lnK + 4a 2 K'
We can obtain more terms if we employ higher iterated functions.
(13) (14) Next, we obtain the ratio of the next-largest eigenvalue to the largest one, which determines a decay rate of the spin-pair correlation functions at large distances. It is of importance to evaluate a contribution with the least energy loss between the up-spin state at the sites left at or to a site and the down-spin state at the sites right to the site or vice versa. We then obtain (15) where A(a) ~ rr(l/a) for a:;P 1; r is Euler's constant. The spin-pair correlation function at large distances r is given by
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Vol. 86, No.3 (16) where the angular brackets of a quantity mean the canonical average of the quantity between them for the system with the Hamiltonian (1). The correlation length is given by (17) The zero-field susceptibility is given by (18) Thus the low-temperature behaviors of Ao and AdAo depend on the value of a. This means the critical behavior of the system is determined by the nature of the generalized Ising spin 6(Xi) around its maximum absolute value 1. The zero-temperature value of the specific heat is l/a. The singular behavior of the correlation length is e 2K /K1/alnK . . Thus the parameter a determines the universality class.
When the parameter a is equal to 1, we have Ao~eK/2K and AdAo~ 1-16e-2K KlnK. These behaviors are of course the same as those of the Ising model of infinite-spin, since we have 6(X;)=Xi and hence a=1. The detailed properties of the system have been discussed in Refs. 1) and 2).
For the classical Heisenberg model on the one-dimensional lattice, we have Ao ~ e K /K which is the same as the one for a= 1 up to a numerical factor.
)
For the classical planer model on the one-dimensional lattice, we have Ao ~ e K / J27rK which is the same as the one for a=2 up to a numerical factor.
Why do we have this kind of similarity? It is explained by the density of the intrinsic freedom of the spin around its value taken in the ground state.
The density of the generalized Ising spin around 6(x;)=1 is expressed as (19) The n-vector model is defined by the following Hamiltonian:
where 8i=(S/1), SP), ... , s/n» with 18il=1. The planer model corresponds to n=2, and the classical Heisenberg model to n=3. For the ground state spin configuration, we may choose anyone point on the n-dimensional sphere of the spin-space, for example, s/n)=1 and S/k)=O for k=l, 2, ... , n-l, for all of the sites of the system. The density of the intrinsic freedom of the spin around the above value is measured in terms of the solid angle around s/n)=I, or equivalently in terms of LlSi:
We have the following:
Then we have the correspondence n=l +2/a in general. The spin-pair correlation function for the n-vector model at large distances r is given as l21 (23) This behavior is quite different from the one given by Eq. (16) for the system of the generalized Ising spin. For the evaluation of the ratio AI/Au, we need a knowledge of the set of the ground states. The degeneracy of the ground state for the system of the generalized Ising model is two. However, the degeneracy of the ground state for the n-vector model with n > 1 is infinite. This difference is essential in evaluating ,.11/,.10, although its exact evaluation is possible for the n-vector model.
The difference in the behaviors of the spin-pair correlation functions between the Ising model of ± 1 and the system of generalized Ising spin comes only from the difference of the density of the intrinsic freedom of spin around 1. This gives just an extra weak K dependence beside exp( -2K) to the latter. We note that the behaviors of ,10 and ,1dAo for the system of the generalized Ising spin become those for the Ising model of ± 1 in the limit of a infinity up to numerical factors.
In short, we found that the critical behavior of the system of generalized Ising spin on the one-dimensional lattice is determined from the nature of the function o(x) around the value 1. We believe that the system of generalized Ising spin on a higher-dimensional lattice shows a different critical behavior from the corresponding Ising model, especially for the system vvith frustration.
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